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Abstract
In this paper we study the motion of a finite composite cylindrical annulus made of general-
ized neo-Hookean solids that is subject to periodic shear loading on the inner boundary. Such a
problem has relevance to several problems of technological significance, for example blood ves-
sels can be idealized as finite anisotropic composite cylinders. Here, we consider the annulus to be
comprised of an isotropic material, namely a generalized neo-Hookean solid and study the effects
of annular thickness on the stress distribution within the annulus. We solve the governing partial
differential equations and examine the stress response for the strain hardening and strain softening
cases of the generalized neo-Hookean model. We also solve the problem of the annular region
being infinite in length, that reduces the problem to a partial differential equation in only time and
one spatial dimension. When the thickness of the annulus is sufficiently large, the solutions to
the problems exhibit very interesting boundary layer structure in that the norm of the strain has a
large gradient in a narrow region adjacent to one of the boundaries, with the strain being relatively
uniform outside the narrow region. We also find that beyond a distance of two times the annular
wall thickness from the ends of the cylinder the solutions for the infinite length cylinder match
solutions for the finite length cylinder implying that end effects are not felt in most of the length
of a sufficiently long annulus.
Keywords: Generalized Neo-Hookean, Boundary Layers in Elasticity, Unsteady Motion, Axial
Shearing
1 Introduction
Until recently, by an elastic body one meant either a Green elastic material[1], a material that pos-
sesses a stored energy function from which the stress can be derived, or the more general Cauchy
elastic material[2, 3] wherein the Cauchy stress is assumed to depend on the deformation gradient
(Green elastic bodies are a sub-class of Cauchy elastic bodies). Recently, based on the fundamental
notion that an elastic body is incapable of dissipation, Rajagopal generalized the class of elastic bodies
to include implicit relations between the stress and the deformation gradient (see Rajagopal[4, 5, 6]
and Rajagopal and Srinivasa[7, 8]) and there has been interest in the response of such bodies as
they allow one to explain phenomena which were not possible within a Cauchy elastic body (see
Rajagopal[9] for a discussion of the same). Early models to describe the response of rubber-like
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materials were the neo-Hookean (see Rivlin[10]) and the Mooney-Rivlin models (see Mooney [11],
Rivlin[[10]). Gent[12] proposed a simple two constant model, wherein both the constants have clear
physical underpinnings, that is capable of corroborating experimental data as well or better than most
of the empirical models that were available that also invariably required not only more fitting constants
but also suffered from a lack of physical interpretation (Ogden[13], Morgan and Pan[14], Yeoh[15]).
Later Pucci and Saccomandi[16] recognized that the model due to Gent was unable to fit the data
generated by Treloar[17] in the small and medium range of deformations and suggested a modifica-
tion to the Gent’s model that would fit well for a more comprehensive range of deformations. After
discussing some of the limitations of Gent’s model, Puglisi and Saccomandi[18] consider a general-
ization that can be used to study damage of rubber-like materials. In both the neo-Hookean and the
Mooney-Rivlin model, the material moduli are constants, and such models are incapable of describ-
ing shear softening and shear hardening. A non-linear model that can describe shear softening and
shear hardening1 is the power-law model introduced by Knowles[21]. Knowles, however, introduced
the model with a different purpose in mind, namely to see if the model would lead to a prediction of
non-singular strains at crack tips. Knowles found that for certain values of the power-law exponent,
the equations of plane strain lose ellipticity. There have been many studies concerning the response
of power-law neo-Hookean solids (see Hang and Abeyaratne[22], Horgan and Saccomandi[23], Hou
and Zhang[24], McLeod and Rajagopal[25], Wineman[26]).
One interesting aspect of the response of power-law neo-Hookean solids is the development of
sharp boundary layers for certain values of the power-law exponent. Rajagopal and Tao[27], Tao,
et al.[28] showed that for special values of the power-law exponent, pronounced boundary layers,
namely regions of concentration of the strain, develop in the deforming body under consideration.
Zhang and Rajagopal[29] studied the deformation of slabs and annular cylinders comprised of a
power-law neo-Hookean solid. They studied the annular region subject to the Lagrange multiplier
that enforces the constraint of incompressibility to be time varying2. They also found the develop-
ment of boundary layers for the strain for certain values of the power-law exponent.
The problem that we study here is different in two fundamental ways, first the external traction
that is applied in our study is different from that carried out by Zhang and Rajagopal[29], we apply
a longitudinal time-dependent shear, second we consider an infinite or a finite annular cylinder being
comprised of a single material or a composite. Our studies have relevance to the motion undergone by
blood vessels as well as many other technological applications. Real materials like blood vessels are
inhomogeneous, and anisotropic and their inhomogeneity is by no means capable of being idealized as
a cylindrically layered annular body. In our study, we consider the idealized problem of a composite
cylinder comprised of annular sub-domains that are isotropic (see Fig 1). We also assume that the
body under consideration is incompressible. To start with we consider the idealized problem of the
unsteady motion of an idealized infinite annulus of a generalized neo-Hookean material, comprised
of a single material, which is followed by a numerical study of the unsteady deformations of a finite
annular cylinder. Then, we study the unsteady longitudinal shearing of both an infinite as well as
finite composite annular solid. We find several interesting solutions to the problems that we study,
one being the development of boundary layers.
Boundary layers develop in Navier-Stokes fluids in external flows at high Reynolds numbers
(Schlichting[31]), a thin layer adjacent to a solid boundary wherein the vorticity is concentrated.
In the case of flows of non-Newtonian fluids, boundary layers can develop even in internal flows and
1A paper that is relevant to the study carried out herein, from two perspectives, namely a different class of models that
exhibit shear hardening and the consideration of static axial shearing is that by Horgan, Saccomandi and Sgura[19] where
the problem is studied carefully from a numerical standpoint. Also, the paper by Muliana et al.[20] provides a constitutive
relation wherein a nonlinear expression is provided for the Cauchy-Green tensor in terms of the stress which correlates
very well with experiments with fewer material constants than those used in popular Cauchy elastic models.
2The Lagrange multiplier that enforces the constraint is often referred to as the “pressure”, but the Lagrange multiplier
is not the mean value of the stress, which is the “mechanical pressure” (see Rajagopal [30] for a discussion of the use and
misuse of the term “pressure”)
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even when flows take place at very low Reynolds number, and a variety of boundary layers are possi-
ble (see Rajagopal[32]). In elasticity, boundary layers once again manifest themselves in unbounded
domains (Rajagopal[32]). They are also possible if the elastic body can sufficiently shear soften or
shear harden, in domains, as in the case of our current study, when the thickness of the annular region
is sufficiently large. In our case, we find for certain values of the power-law exponent, the presence
of strain boundary layers, narrow regions where the norm of the strain has a large gradient, the strain
being nearly constant outside of this narrow boundary layer. We also find stress boundary layers,
namely narrow regions where norm of the stress has a large gradient but is nearly constant outside the
boundary layer region.
Zhang and Rajagopal[29] studied the deformation of an annular cylinder to a pulsating pressure
(Lagrange multiplier) and found that boundary layers develop with regard to the strain for certain
values of the power-law exponent. Our study is in keeping with this study in that we also find that
boundary layers develop for certain values of the power-law exponent.
The organization of the paper is as follows. In the next section, we introduce the constitutive
relation that we shall use and document the basic kinematics. In section 3, we introduce the specific
deformation for the static longitudinal shear of an annular cylinder, and this is followed by a setting
up the problem of the unsteady longitudinal shearing of the annular region. Section 5 is devoted to a
discussion of the numerical scheme that is used to solve the problem and the solution to the problem
in the case of an infinite annular cylinder. In section 6, we consider the problem of the unsteady
longitudinal shearing of a finite cylinder. We notice that if the finite cylinder is sufficiently long, then
the results away from the two edges of the annular region agree well with the results obtained in the
case of the infinite annular cylinder. In sections 7 and 8, we study the problem of a finite composite
annular region subject to unsteady longitudinal shear. A general discussion of the study is provided
in the final section.
2 Kinematics
Let κR(B) be defined as the reference configuration of a bodyB, and let the current configuration at
time t be denoted by κt(B). LetX ∈ κR(B) denote the position of a particleP ∈ B in the reference
configuration and let x ∈ κt(B) denote the position of the same particle in the current configuration.
The motion of the body is given by,
x = χR(X, t), (1)
where the subscript R represents a mapping from the reference configuration. The deformation gra-
dient is defined by,
FκR :=
∂χR(X, t)
∂X
. (2)
We assume the motion χR is invertible and we drop the subscript κR for notational convenience. The
right and left Cauchy-Green tensors are defined as,
B := FFT, C := FTF (3)
The Frobenius norm of the strain tensor is defined as,
||E|| :=
√
tr(ETE), (4)
where,
E :=
1
2
(C− I). (5)
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3 Governing equations for an infinite annular cylinder subject to
longitudinal shear
Before we study the problem of a finite composite cylindrical annulus comprised of an elastic body
subject to time dependent longitudinal shear, we shall consider a much simpler problem, that of an
infinite cylinder of a single elastic body subject to time dependent shear. The purpose of such a study
is two-fold. The governing equations in the case of an infinite cylinder reduces to partial differential
equations, albeit nonlinear, that can be solved easily as a problem in one spatial dimension and time.
The solution is of interest in itself, but more importantly it can be used to test the numerical solution
to the partial differential equations that govern the finite length annulus problem that will be solved
computationally using the finite element method. In the case of an infinitely long annular cylinder, it
would be appropriate to consider a deformation such that
r = R, θ = Θ, z = Z + f(R, t). (6)
All the kinematic quantities listed in the previous section can be calculated easily. In particular,
the norm of the strain tensor which we use to represent the intensity of strain [33, 34, 35] is given by
||E|| = 1
2
√
(f ′)4 + 2(f ′)2 (7)
where f ′ represents the patial derivative of f with respect to R.
3.1 Constitutive Relations
The Cauchy stress in a generalized incompressible neo-Hookean material is given by,
T = −pI+ S, (8)
where p is the indeterminate part of the stress due to the constraint of incompressibility, S is the
constitutively prescribed stress given by,
S = ΦB, (9)
where,
Φ = µ
[
1 +
b
n
(I1 − 3)
]n−1
, (10)
I1 is the first invariant ofB and is given as I1 = trB = (f ′)2 +3, and given this relationship, equation
(10) reduces to,
Φ = µ
[
1 +
b
n
(f ′)2
]n−1
, (11)
and in equation (11) µ, b and n are positive constants with µ representing the shear modulus of
the linearized model3. We shall consider the annular cylinder to be comprised of an incompressible
generalized neo-Hookean solid. From (8), components of the Cauchy stress can be calculated as,
Trr = Tθθ = −p+ Φ, (12a)
Tzz = −p+ (1 + (f ′)2)Φ, (12b)
Trz = Φf
′. (12c)
3Even though Φ is the shear modulus of the material, we use the word "shear modulus" for µ
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3.2 Balance of Linear Momentum
From equation (6) we obtain the following relationships,
∂
∂r
=
∂
∂R
− ∂f
∂R
∂
∂Z
,
∂
∂θ
=
∂
∂Θ
,
∂
∂z
=
∂
∂Z
. (13)
The balance of linear momentum, in the absence of body forces, for the special form of the motion
assumed, reduces to,
0 =
∂Trr
∂r
=
(
∂
∂R
− ∂f
∂R
∂
∂Z
)
(Φ− p), (14a)
0 =
1
r
∂Tθθ
∂θ
=
1
R
∂
∂Θ
(Φ− p), (14b)
ρ
∂2f
∂t2
=
∂Trz
∂r
+
Trz
r
+
∂Tzz
∂z
=
1
R
∂
∂R
(RΦf ′) +
∂p
∂Z
. (14c)
From equation (14b) we note that, because of axial symmetry, p can only depend on R,Z and
time. Thus the p assumes the form,
p = p(R,Z, t). (15)
Additionally from equation (14a) we obtain the following result,
∂Φ
∂R
=
∂p(R,Z, t)
∂R
− ∂f
∂R
∂p(R,Z, t)
∂Z
. (16)
The form of Φ on the left hand side of (16) is completely known and does not depend on Z. It
follows that the p can be a function of R, t and can at most be a linear function Z. In order to impose
the boundedness on stress, we assume that p does not depend on Z. We obtain the following two
equations,
∂Φ
∂R
=
∂p
∂R
, (17a)
ρ
∂2f
∂t2
=
1
R
∂
∂R
(RΦf ′). (17b)
From equation (17a) it can easily be shown that p = Φ − Co thus the stresses Trr and Tθθ are
constant. In this paper, we consider the case when C0 is zero or a constant . Under these assumptions,
we note that the differential equations containing normal stresses and shear stresses are completely
decoupled. We define the following non-dimensional quantities.
f ∗ =
f
Ro −Ri , R
∗ =
R
Ro −Ri , t
∗ = ωt, A∗ =
A
Ro −Ri (18)
where Ro and Ri are the outer and inner radius of the annulus respectively. Equation (17b) reduces
to,
C 2
∂2f ∗
∂t∗2
=
1
R∗
∂
∂R∗
(R∗Φ∗(f ∗)′), (19)
where,
Φ∗ =
[
1 +
b
n
((f ∗)′)2
]n−1
and C 2 =
ρω2
µ
(Ro −Ri)2. (20)
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The parameter C 2 can be written as C = ω/ωL where ω2L = µ/(ρ(Ro − Ri)2) and is analogous
to the natural frequency. Using the following parameters, µ = 50 kPa, ρ = 1000 kg/m3 and Ro = 12
mm we can vary the inner radius Ri and examine the effect on ωL.
Analysis of ωL
Ri (mm) ωL (kHz)
10 3.53
9 2.37
8 1.76
3 0.79
1.2 0.65
Table 1: Values for ωL at a fixed outer radius and varying inner radius. The parameters µ = 50 kPa
and ρ = 1000 Kg/m3 are held fixed.
From table 1 we can infer that ω would need to be very large for the term C 2 to be close to
one. For the problems studied herein the frequencies are much lower than the kilo-hertz frequencies
needed to see a significant effect on the stresses from the frequency of oscillation.
The exponent n in the generalized neo-Hookean model represents strain hardening or strain soft-
ening behavior as given in table 2. To study response of the body, we solve (19) with a prescribed
normalized shear displacement of 1 (i.e. displacement equal to the wall thickness) on the inner sur-
face and 0 on the outer surface. We assume that the values of the parameters n and b conform to the
following inequality (see Knowles[21]).
(2n− 1)b > 0, (21)
For this study the parameter b is assumed to positive. From equation (21) we note that values of
n equal to or less that 0.5 violate this inequality. For this reason we restrict our study to values of n
greater than 0.50.
Range of values for exponential parameter n
Loss of Ellipticity n ≤ 0.5
Strain Softening 0.5 < n < 1.0
Neo-Hookean n = 1.0
Strain Hardening n > 1.0
Table 2: Trz vs. κ behavior for values of the exponent n.
4 Static analysis
We consider static longitudinal shear deformation governed by the equations of equilibrium given
below,
0 =
∂
∂R∗
(R∗Φ∗(f ∗)′), (22)
For the classical neo-Hookean case(n=1), this equation can be solved analytically to obtain the fol-
lowing displacement
f ∗ = C0 ln(R∗) + C1. (23)
6
Applying the boundary conditions
f ∗(R∗i ) = 1, f
∗(R∗o) = 0, (24)
integration constants C0 and C1 can be determined as follows
C0 =
1
ln
(
R∗i
R∗o
) , C1 = ln
(
1
R∗o
)
ln
(
R∗i
R∗o
) . (25)
Shear stress can now be calculated as
T ∗rz =
Co
R∗
. (26)
It can be observed (see figure 1) that the shear stress is only a function of the normalized radius
(and the boundary conditions) for a cylinder made of neo-Hookean material. We define the following
parameter, TR=Ro/Ri4 for the following plots. Plotting the solution, (26), for increasing (TR) we
begin to see stress boundary layers forming.
(a) (b)
Figure 1: a.) The shear stress is plotted for different thickness ratios (TR), b.) the displacements for
the same (TR) are plotted.
In the case of strain softening or strain hardening the displacements are dependent on the values
of the parameter n and b and the full ODE needs to be solved. It follows from (22) that,
(f ∗)′′ =
−(f ∗)′[n+ b(f ∗)′2]
R∗(n+ b(f ∗)′2[2n− 1]) . (27)
4.1 Numerical Method
We drop asterisk from the non-dimensional quantities for convenience. We approximate the spatial
derivatives using second order finite difference formulae,
∂f
∂R
∣∣∣∣
Rn
≈ fn+1 − fn−1
2δr
∂2f
∂R2
∣∣∣∣
Rn
≈ fn+1 − 2fn + fn−1
δr2
(28)
4The term TR stand for thickness ratio
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Using the boundary conditions,
f(Ri) = 1, f(Ro) = 0. (29)
We now change the differential equation into a difference equation,
fn =
fn+1 + fn−1
2
+ Γ(f)
Γ(f) =
dr2[nfn+1−fn−1
2dr
b(fn+1−fn−1
2dr
)3]
2R˜(n+ b(2n− 1)(fn+1−fn−1
2dr
)2)
.
(30)
In the interval (Ri ≤ R ≤ Ro), the values for fn are approximated by equation (30). The problem
is solved iteratively until a tolerance of 10−6 is achieved.
4.2 Boundary layers
As was noted earlier stress boundary layers could only form with large annular thicknesses (TR)
(see fig 1a). This behavior of the stress can be further seen in shear softening and shear hardening
materials(see fig 2). We take a (TR) value of 50 to represent a very thick annulus and study the effects
of varying the power-law parameter n.
(a) (b)
Figure 2: a.) The shear stress for TR = 50, b.) the shear displacement. For the numerical solution, b
= 1.
In figure 3a, the displacement is plotted as a function of radius for increasing values of n from n =
0.55 to n = 0.85. In figure 3b the norm of the strain tensor ||E|| is plotted for the corresponding values
of n.
(a) (b)
Figure 3: In a.) the radial distribution of displacements is shown for values of n between 0.55 and
0.85. Figure b.) gives the norm of the strain tensor for values of n ranging from 0.55 to 0.85.
8
A boundary layer type solution for displacements only occurs in the strain softening case when
n approaches the limiting value of 0.50. In figure 3b, the norm of the strain, ||E||, shows a definite
boundary layer solution for the strain softening case.
From our study of the static neo-Hookean case we observe that the stress distribution is entirely
dependent on the cylinder geometry with stress boundary layers appearing only in very thick walled
cylinders. When hardening (n > 1) or softening (n < 1) is taken into account, we note that strain
boundary layers formed for softening materials when the value of n approached the limiting value of
0.50.
5 Deformation of an infinitely long cylindrical annulus due to pe-
riodic longitudinal shearing
We now consider the effects of inertia. For a infinitely long cylindrical annulus, we assume the motion
to be of the form (6). Boundary and initial conditions imposed in this problem are
f(Ri, t) = A cos(ωt), f(Ro, t) = 0 (31a)
f(R, 0) = fstatic|f(Ri,0)=A,
∂f
∂t
(R, 0) = 0 (31b)
The non-dimensional form of the boundary and initial conditions can be obtained using the appro-
priate length and time scales introduced in the previous sections(see eq.(18) ). A∗ = A/(Ro − Ri),
is taken as 1 in solving the time dependent equations. Equation (19) is solved numerically using the
method described in section 5.1.
5.1 Numerical Method
We used the finite volume method with implicit time stepping for the numerical solution of the equi-
librium equations. The second order finite difference formula is used for the spatial derivatives and
the first order backward difference formula is used for the time derivatives. Thickness of the cylin-
drical wall is divided into a number of intervals by specifying the number of nodes/mesh points. For
a composite cylinder, the number of mesh points within each layer is specified. A finite volume con-
taining the ith node is shown in the figure 4. The finite volume is bounded by the east(e) and west(w)
interfaces which occur at the mid points between the nodes i,i+1 and, i,i-1.
Figure 4: Computational stencil used in the finite volume method
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Integrating this equation over the finite volume at a time instant t gives
∫ Re
Rw
∂
∂R
(
ω2LRΦ
∂f
∂R
)
dR = ω2
∂2
∂t2
(∫ Re
Rw
RfdR
)
(32)
Je − Jw = ω2 (R
2
e −R2w)
2
∂2fi
∂t2
(33)
where Je, Jw are the fluxes at the east and west boundaries of the control volume
J
∣∣∣∣
α
=
(
ω2LRΦ
∂f
∂R
) ∣∣∣∣∣
α
, α = e, w (34)
Spatial derivatives at the east and west interfaces are approximated using the second order finite
difference formula
∂f
∂R
∣∣∣∣
w
=
fi − fi−1
δRw
(35a)
∂f
∂R
∣∣∣∣
e
=
fi+1 − fi
δRe
. (35b)
The second time derivative of f is approximated using the first order backward difference formula at
the (n+ 1)th time step
∂2fi
∂t2
∣∣∣∣
n+1
=
fn+1i − 2fni + fn−1i
δt2
. (36)
The fluxes at the east and west interfaces are evaluated at the (n+ 1)th time step. This results in a
system of difference equations at the (n+ 1)th time step having the form,
A(F n+1)F n+1 = B(F n, F n−1), (37)
where F is the vector containing values of f at the nodes in the domain. This nonlinear system is
solved using the Picard iteration scheme with an appropriate acceleration factor (0.1 to 0.2). Initial
conditions are used to specify the values of f in the first and second time steps. For the composite
case, material properties at the interface between the inner and outer layers are defined using a smooth
step function within a span of 0.4% of the thickness of the cylinder. Simulations are run for one time
period of deformation.
5.2 Periodic Motion
In plot 5a, the ||E|| is shown for a thickness ratio of 10 and n of 0.55 at t∗ = 2pi. This clearly shows
that the boundary layer develops in terms of strain not in terms of stress. For a smaller TR of 1.2, the
displacement, shear strain and shear stress over one time period are shown in figure, 6.
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(a) ||E||, Thickness ratio 10 (b) Trz , Thickness ratio 10
Figure 5: The norm of the strain tensor ||E|| is shown for TR = 10 and n = 0.55 in a.) and the shear
stress on the interior of the annulus is shown b.) at t∗ = 2pi
(a) n = 0.55
0 1 2 3 4 5 6
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−2
−1
0
1
2
3
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−Ri
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/µin
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(b) n = 5.00
0 1 2 3 4 5 6
−3
−2
−1
0
1
2
3
t*
 
 
f(R)/R
o
−Ri
T
rz
/µin
df/dR
Figure 6: These plots show the temporal distribution of the motion f(R∗), the shear strain κ and the
normalized shear stress Trz/µ at the inner surface for n = 0.55 and n = 5.00. Ri
6 Deformation of a finite length cylindrical annulus due to peri-
odic longitudinal shearing
We used ABAQUS finite element software to study the periodic longitudinal shear deformation of
a finite length cylindrical annulus. The normalized shear stress is studied over a period of 2pi for
two different inner radii. Two different cases of length to thickness ratio (LTR) of 5:1 and 10:1 are
considered, to see what influence the length of the annulus has on the shear stresses.
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Figure 7: A representation of the geometry used in the finite element simulations. The two layers are
comprised of a power-law neo-Hookean material with differing values for the small strain modulus
µ. A periodic displacement of f(R, t) = A cos(ωt) is prescribed on the inner boundary. To analyze a
single layer we set µin and µout equal to one another.
The Abaqus subroutine UHYPER is used for the simulations. The following stored energy is used
in FE simulations for easier convergence.
W = κ(J − 1)2 + µ
2b
[
1 +
b
n
(I1 − 3)
]n
(38)
where J = det(F) and I1 = J−2/3I1. The axisymmetric geometry used in FE simulations is
shown in fig 7.
A boundary value problem that is the closest representation to the infinite case and that is experi-
mentally feasible is studied. For the FE analysis, axial symmetry is used to reduce the problem to 2D.
Finite element geometry consists of a cylindrical annulus represented using a rectangular domain. For
the composite case(see section 8), the annulus is further divided into inner and outer layers. Motion is
studied for n = 0.55, 1, 5 and b = 1. The ratio κ/µ is taken as 5000 to approximate incompressibility.
Due to near incompressibility, reduced integration of hybrid elements(CAX4RH) is used for inner and
outer layers. The outer surface of the cylindrical annulus is fixed in the radial and axial directions.
The inner surface is sheared sinusoidally at 1Hz with an amplitude equal to the wall thickness of the
cylinder. Traction free boundary condition is applied on the top and bottom surfaces of the cylinder.
Lateral movement(i.e., movement in R-direction) of the top and the bottom surfaces beyond the right-
most surface of the domain is not allowed during the deformation. Mesh size is chosen such that the
displacements converged to within 0.2%. The solutions to the finite cases studied are compared to the
infinite solutions obtained in sections 5. All comparisons between the infinite length and finite length
annulus are given in terms of the shear stress at the inner surface where stresses are the highest. The
relative difference in the shear stress is defined as
∆Trel =
Tfin − Tinf
Tinf
(39)
In figure 8a, the infinite solution is compared to the finite solution at the middle of the annulus
for LTR 10:1 homogeneous body. It can be seen that the solutions match very well. In figure 8b, the
length from the middle of the annulus to either end is a(i.e., half-length of the cylindrical annulus);
thus the total length is L=2a. The number on the legend represents how far away from the center
the stress is being taken, i.e., 0.4a represents 40% of the half-length from the center of the annulus
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and 0.9a would be 90% of the half-length or very close to the free end. The region of validity of the
infinite solution corresponds to a length of 2 times the annular thickness (2t) away from the ends of
the cylinder.
(a) Infinite and Finite solutions.
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(d) b = 1, n = 0.55
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Figure 8: In figure a.) the stress is given as a function of time for the infinite solution and finite
solution in the middle of the annulus. In figures b.), c.), and d.), the percent difference in comparison
to the middle of the annulus is reported. The percent difference is reported for the length to thickness
ratio (LTR) of 10:1 with TR = 1.2.
(a) (b)
Figure 9: In a.) stress distribution near the edges for n=1 at t∗ = pi is shown. In b.) stress distribution
near the edges for n=1 at t∗ = 2pi is shown.
In figure 9 we note the differences in the stress distribution near the edges of the finite length
annular cylinder at t∗ = pi and t∗ = 2pi. The material undergoes compression and tension at the
inner surface depending on the magnitude and direction of the motion because the inner surface is
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constrained to move in the Radial direction. Top surface on the other hand is curved and traction free
due to the traction-free boundary condition.
In a region that is two times the thickness (2t) from the cylinder ends the solution to the infinite
annular cylinder and the solutions to the finite annular cylinder do not match. This is shown in figures
10b, 10c, and 10d. Beyond this (2t) distance the solutions to the finite annular cylinder and the infinite
annular cylinder are within a range of 0.25% to 2% of one another. This corresponds to a region that
is 60% of the length for a cylinder with a (LTR) of 10:1. For a cylinder with an (LTR) of 5:1 this
corresponds to a region that is 20% of the cylinder length. As the cylinder gets longer the region of
applicability becomes larger.
The spikes in the data are associated with transition points when the stress was alternating from
positive to negative or in the other way. The error was highest for n = 5.00 while for the thick-walled
cylinder (TR = 10) the error was small and only approached its highest error at the transition points.
In the case of strain softening, n = 0.55, the stress varies little with increased strain over a significant
period of the motion. As a result, the error is small for these cases. In figure 10a we note that the
stress on the inner surface is many times larger for the thicker annulus (TR = 10) as is to be expected
for both the hardening and softening cases.
Figure 11a compares the solution to the finite case for (LTR’s) of 5:1 and 10:1 at a distance of
0.2a from the annular center. The finite solution does have a dependence on LTR giving difference
solutions 20% from the middle of the respective lengths. Figure 11b shows the solution to the finite
case for (LTR’s) of 5:1 and 10:1 at a distance 2t from the annular edges. At this distance that is
2t away from the edges for LTR 5:1 and LTR 10:1 the solutions match well. For the middle of the
cylinder between a distance of 2t from each edge the solution to the infinite case and the solution to
the finite case match to within 2% of one another. Figure 11c shows solution to the finite case for a
distance of 0.0a, 0.2a and 0.8a from the middle of the annulus for LTR 5:1.
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(d) b = 1, n = 0.55
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Figure 10: In figure a.) the shear stress as a function of time is compared for TR’s of 1.2 and 10. In
figure b.) the percent difference in comparison to the middle of the annulus is reported. The percent
difference is reported for the length to thickness ratio (LTR) of 10:1 with TR = 10.
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(a) Located 20% of annular length from center.
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Figure 11: In figure a.) The normalized stress (Trz/µ) at a distance 20% of the length from the
middle of the annulus is plotted for (LTR’s) of 5:1 and 10:1. Figure b.) is plotted against at a
distance 2t away from the cylider edges. Figure c.) shows Trz/µ as a function of t∗ for (LTR) = 5:1
for three difference points on the annulus.
For all the cases studied, the error between the finite and infinite solutions was relatively low (<
2.0%) for strain hardening and softening materials when the location in question is more than two
times the thickness of the annulus away from the edges of the sample.
7 Deformation of a composite two layered infinitely long cylin-
drical annulus due to periodic longitudinal shearing
For dynamic simulations, we vary the material parameters µ, n and b to alter the inertia term ωL(i.e.,
µ), and the stiffening or softening characteristics of the layer(i.e., n and b). Firstly, µin is held fixed
at 50 kPa matching the single-layered case and µout depends on the stiffness ratio (SR) µin:µout. As
an example if µin:µout = 10:1 then the inner stiffness is ten times as large as the outer stiffness; thus
the outer layer stiffness would be 5 kPa. If (SR = 1:10) the outer layer is ten times as stiff as the
inner layer and the outer layer stiffness is 500 kPa. Results in these cases are used for comparison
with the results in finite length cylindrical annulus. Figure 12 shows the variation in shear stress at
the inner surface and the interface of the inner and outer layers for an annulus with inner and outer
radius 1.2 mm and 12.0 mm respectively. Studies were performed for thin-walled annuli (not shown),
and similar results were obtained.
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(a) n = 1,5 & µin:µout = 10:1
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(c) n = 0.55 & µin:µout = 10:1
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(d) n = 0.55 & µin:µout = 1:10
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Figure 12: Figures a.) through d show the normalized shear stress at the inner surface and the
interface between inner and outer layers as a function of normalized time.
It can be observed that a stiffer outer layer produces lower stresses compared to a softer outer
layer. Similar to the case of a single-layered cylinder, thick-walled cylinder produces considerable
variation in shear stress across the wall.
Figure 13 shows the variation of shear stress and shear strain across the wall at t˜ = 2pi for an
annulus with inner radius 1.2 mm and outer radius of 12.0 mm. Even though a stiffer outer layer
reduces the stress on the inner surface as well as the interface, it increases the shear strain in the outer
layer at the interface.
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(a) n = 1,5, at t∗ = 2pi
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(b) n = 0.55, at t∗ = 2pi
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(c) n = 1,5, at t∗ = 2pi
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(d) n = 0.55, at t∗ = 2pi
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Figure 13: Figures a.) and b.) show the normalized shear stress across the wall thickness at t∗ = 2pi.
Figures c.) and d.) shows the shear strain across the wall thickness at t∗ = 2pi.
7.1 On the development of boundary layers in composite cylindrical annulus
In the previous section, we saw that a softer outer layer having lower µ produces the most substantial
shear strain at the interface of the two layers. This shear strain can lead to debonding. In this section,
we examine this further by changing the softening and stiffening properties(i.e., n and b) of the inner
and outer layers. Both the parameters control the rate of softening or stiffening. To simplify the
analysis without missing the essential details, the inner layer is considered to be neo-Hookean and
outer layer is considered to be softening(n = 0.55) and stiffening (n = 5).
Figures 14, 15 and 16 show the normalized stress, strain and displacement as a function of nor-
malized radius respectively for varying b and stiffness ratios (µin:µout) for n = 0.55 at t∗ = 2pi.
We can observe the formation of a boundary layer near the interface of the layers with increasing
b. Stress distribution is controlled purely by geometry of the cylinder as discussed earlier. Strain,
on the other hand, depends on material parameters in addition to geometry. Similar appearance of
boundary layers at the interface can be seen in figures 14b and 15b in which µ is varied for an outer
layer with n = 0.55. Displacement plots in figure 16 shows the development of boundary layers near
the interface.
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(a) b varied, µ held constant
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(b) b held constant, µ varied
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Figure 14: Normalized stress is plotted as a function of normalized radius for n = 0.55. The
parameter b is varied in figure a.) while the parameter µ is held constant at 50 kPa. In figure b.) the
parameter µ is varied while b is held constant at 1.
(a) b varied, µ held constant
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(b) b held constant, µ varied
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Figure 15: Normalized strain is plotted as a function of normalized radius for n = 0.55. The
parameter b is varied in figure a.) while the parameter µ is held constant at 50 kPa. In figure b.) the
parameter µ is varied while b is held constant at 1.
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(a) b varied, µ held constant
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Figure 16: Normalized displacement is plotted as a function of normalized radius for n = 0.55. The
parameter b is varied in figure a.) while the parameter µ is held constant at 50 kPa. In figure b.) the
parameter µ is varied while b is held constant at 1.
8 Deformation of a two-layered finite length cylindrical annulus
due to periodic longitudinal shearing
Motion was studied for three different values of n, (0.55, 1.0, 5.0) and b = 1. The inner layer’s
material constant µin is maintained at 50 kPa in all the simulations whereas the outer layer’s material
constant µout was set at 5 kPa or 500 kPa depending on the simulation. In figure 17 we show the
percent difference in shear stress between the finite solution and the infinite solutions as a function of
time and axial position (Z) respectively for the strain hardening case (n = 5). The total length of the
finite annulus is (2a) with a measured distance of (a) from the center of the annulus to the end.
Similar to the neo-Hookean case, stiffening materials with n = 5 show negligible deviation from
the infinite case after 0.4a away from the ends even for an annulus with (TR = 10). It can also be
observed that the deviation of the finite length solution from the infinite length solution is less in an
annulus with (TR = 10) than one with (TR = 1.2). Similar results (not shown here) are obtained for
(n = 1,5) and when µin/µout is changed to 10:1.
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(b) TR = 10, Ro = 12 mm
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(c) TR = 1.2, Ro = 12 mm
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(d) TR = 10, Ro = 12 mm
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Figure 17: In figures a.) and b.) the percent difference in stress between the infinite and finite length
solution at various distances from center on the inner surface is given as a function of time. In
figures c.) and d.) the percent difference in comparison to the infinite case at 0.5s and 1s along the
length of the cylinder on the inner surface is given. The percent difference is reported for n = 5.00,
µin : µout = 1 : 10
9 Discussion
In this manuscript, we studied the motion of a generalized neo-Hookean annular cylinder of infinite
and finite length, comprised of a single layer or two layers subjected to longitudinal shearing on the
inner surface. The power-law exponent n represents shear softening or shear stiffening behavior. The
parameter µ represents the small strain modulus. The parameter b represents the degree of shear
softening or shear stiffening.
For the infinite case, geometry played a substantial role in the development of stress boundary
layers. A stress boundary layer is formed in the thick-walled cylinders (TR > 2) for strain hardening
as well as strain softening materials. Displacements displayed boundary-layer type solutions for the
strain softening case, (n < 1.0). Strain boundary layers were introduced in thick walled cylinders for
strain softening conditions and in thin walled cylinders when the parameter b became very large. Our
investigation has shown that the norm of the shear strain ||E|| becomes asymptotic as the exponent
n tends to a limiting value of 0.5 (see figure 3b). Strain and displacement (see figure 2b) boundary
layers form for values of n approaching 0.5 for thick walled cylinders (Ro/Ri=50).
In a region that is two times the thickness (2t) from the cylinder ends the solution to the infinite
annular cylinder and the solutions to the finite annular cylinder do not match. However, beyond
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this distance the solutions to the finite annular cylinder is within 2% of the solution to the infinite
annular cylinder. This corresponds to a region that is 60% of the length for a cylinder with a length to
thickness (LTR) of 10:1. For a cylinder with an LTR of 5:1 this corresponds to a region that is 20%
of the cylinder length. So as the cylinder gets longer the region of applicability increases.
From this study, several conclusions can be drawn. It was seen in the quasi-static case and in
the dynamic case that stress boundary layers only formed for very thick walled cylinders. Strain
boundary layers occurred for hardening and softening materials alike. The most striking observation
is that the solution for the infinite case has little error associated with it for 60% of the cylinder length
measured from the center of the cylinder when the length of the cylinder is at least ten times the
thickness cylinder. The solutions only seem to differ for a region of a length twice the thickness from
the cylinder ends.
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